The one pion exchange potential, although proper at long ranges of nucleonnucleon interaction, does not work well at shorter ranges. However, if it is a part of the symmetry of the interaction, like one piece of a puzzle, it can reflect the other aspects of the fact. In this respect, the deuteron, as the simplest nucleons bound state has been studied by employing a superpotential approach.
Introduction
Symmetry is closely related to harmony, beauty and unity. In physics, it is origin of invariant quantities, conservation laws, continuity equations and wave equations. These laws and equations have helped scientists to predict very important aspects of the fact, theoretically (e.g. Higgs boson and gravitational waves, which have taken several years to be discovered and confirmed [1, 2] ).
Supersymmetry (SUSY), is one of the most beautiful theoretical achievements of scientists that has been proposed for explaining physics inconsistencies [3] [4] [5] [6] [7] .
In this regard, supersymmetric quantum mechanics (SUSY QM) is a modern version of quantum mechanics that introduces quantities and concepts such as superpotential, partner potentials, Hamiltonians hierarchy and shape invariant potentials [8] [9] [10] [11] [12] [13] [14] . The beautiful mathematical strategies in SUSY QM indicate which problems are analytically solvable. Furthermore, approximation methods in SUSY QM provide more accurate results than those in quantum mechanics [14] .
Deuteron as the simplest nucleus consists of two nucleons. Study of deuteron provides useful information about static nucleon-nucleon (NN) interaction. The Yukawa's hypothesis (1935) was the first theoretical description of the NN interaction, on the basis of which, fermions interact with each other via the exchange of bosons whose masses are related to the range of the interactions [15] . A boson was named π meson (or pion) was discovered about 12 years later so that its characteristics were same as that of Yukawa's hypothesis prediction and brought the Nobel Prize to Yukawa [16, 17] . The one pion exchange potential (OPEP)
is an extended version of Yukawa potential that dominates in nucleon spacings above 3 fm, and is reasonable for spacings above 2 fm. However, the theoretical and experimental studies have shown that the nuclear force is not just a matter of an exchange of single pion [18, 19] . In addition, the exact study of NN interaction requires a more fundamental theory. Nevertheless, with good approximation, at long ranges, nucleons can still be considered structureless particles and OPEP is fitting for describing the NN interaction.
Computational complexities reduce the beauty of theory and make it difficult to understand and develop. On the other hand, simplifying assumptions may reduce the accuracy of computations. A beautiful theory is a theory that, while having simple calculations and reproduction of expected values, has good insights, predictions and straightforward to be developed. In general, NN inter-action has been studied based on several main groups: Quantum Chromo Dynamics (QCD), lattice QCD, Effective Field Theory (EFT), Chiral Perturbation Theory (CHPT), Boson Exchange (BE) models, Mean Field Theory (MFT) and phenomenological NN potentials [20] . In most of the models, potentials have quite complicated structures and are described by many parameters. This paper is the first study of deuteron static properties by SUSY QM. Given the excellent results achieved, this approach can be developed and completed in the future studies considering more details of the interaction.
Potential and Superpotential

OPEP and Effective Potential
The OPEP is the potential derived from meson theory in the treatment of the NN system [21] , is,
where r is equal to the length of the vector r connecting the two nucleons and S 12 is tensor operator. The first term in the OPEP is the central potential,
where R =h mπc is the typical range of the nuclear force and m π is pion mass.
The neutron-proton interaction involves the exchanges of both the neutral (π 0 ) and charged (π ± ) pions. For this reason, we employ the averaged-pion mass [22] . The dot products, τ 1 .τ 2 and σ 1 .σ 2 , involve the isospin and spin of the nucleons, respectively. The second term in the OPEP is called a tensor potential consisting a radial function and a tensor operator. Its radial part is,
so that,
where M is nucleon mass and g 2 is an empirical constant. We use mean value is divided into two following equations [24] ,
where E 0 is energy ground state of deuteron, m r is the reduced mass of protonneutron system and u(r) and ω(r) are the radial wave functions of 3 S 1 and 3 D 1 states, respectively. It can be interpreted as OPEP breaks the symmetry by splitting the Schrödinger equation into the two coupled equations. We now get back the symmetry by unifying the two wave functions in a general one, as
In fact, this assumption indicates u(r) (ω(r)) is a S (a D ) projection of u 0 (r). If u 0 (r) is normalized, we have, (7) where P S and P D are 3 S 1 and 3 D 1 states probabilities, respectively. By replacing Eq. (6) in Eq. (5), is obtained,
By adding these two equations, the following simple equation is resulted,
where the effective potential is,
and constant coefficients are,
The corresponding values for the coefficients are listed in table 2.
Superpotential and Partner Potentials
In SUSY QM, by definition the superpotential as derivative logarithmic wave function of ground state,
the Schrödinger equation as quadratic differential equation becomes the firstorder differential equation, as follows,
where up and down signs are for V 1 (r) and V 2 (r), respectively. This equation is known as Riccati equation and V 1 (r) and V 2 (r) which are connected by W 1 (r) are known as supersymmetric partner potentials. By comparing two Eqs. (10) and (13), we introduce a simple ansatz for superpotential involving exponential function as follows,
so that the ground state wave function obtained by replacing this superpotential in Eq. (12) equals to,
where N is normalization constant and A, B , C and D are constant coefficients to be determined by deuteron ground state properties in next section. The superpotential W 1 (r) (Eq. 14) generates a new effective potential via Riccati equation (Eq. 13) as,
where the new coefficients are,
The obtained values for the coefficients are listed in table 2.
Deuteron Ground State Properties
By comparing two potentials V ef f (r) (Eq. 10) and V 1 (r) (Eq. 16), we see that except for two terms, all terms have the same function (discussed in the next section). By equalling the constant terms, we have,
Here we use experimental value for deuteron ground state energy E 0 (table 1) [25]. The positive sign is a valid selection for A because the negative sign does not satisfy asymptotic condition ( lim r→∞ |u 0 (r)| 2 ≪ 1) for a bound state. In order to determine other five constants a S , a D , B, C and D, we need five equations provided by using the static properties of deuteron ground state, as follows:
1-From the Eq. (7), the normalization of the wave function requires that,
2-The deuteron structure r str and charge r d radii, were recently determined to use several Lamb shift transitions in muonic deuterium which in by three times more precision than previous measurements (table 1) [26, 27] . On the other hand, deuteron structure radius as a characteristic deuteron size is defined from wave function, theoretically [23] ,
By putting Eq. (6) 
3-The deuteron electric quadrupole moment is determined from the wave functions [23] ,
by using Eq. (6), we have,
We choose to use the empirical value for the deuteron quadrupole moment (table   1) [23].
4-By equalling the factors of centrifugal potentials ∝ r −2 from V ef f (r) and V 1 (r) we have,
5-If deuteron has at least one bound state, its wave function should have a maximum inside it. We assume the maximum probability take place at r = R, therefore,
Finally the normalization constant is acquired by,
The values are listed in table 2 for constants are obtained by solving these five equations, simultaneously.
Results and Discussions
In unbroken SUSY QM, the two quantum systems described by supersymmetric partner potentials have the same energy spectra except for the ground state of V 1 (r) [28] . The ground state energy of V 2 (r) is equal to the first excited state of V 1 (r) and as a result V 2 (r) has less one energy level than V 1 (r).
From the Fig. (1) , it is seen that V 2 (r) has not the any attractive well and thus bound states. This implies deuteron that is described by V 1 (r) is a weakly bound nucleus and has not any bound excited states.
Numerous studies have been shown that the NN potential can be divided to three main regions [29] . At short separation distances (r ≤ 1 fm) that is so-called hard core, it is repulsive due to Pauli exclusion principle of identical fermions and incompressibility of nuclear matter [30] . Similar to Van-der-Waals force in diatomic molecules, saturation property is due to particle exchange as well as strongly repulsive forces at short distances [31, 32] . It means that the nuclear force becomes repulsive when the nucleons try to get too close together.
On other hand, at the intermediate-range (1 ≤ r ≤ 2 fm), the NN potential well is attractive and causes to creation bound states. Finally, the OPEP and centrifugal potential are dominated at the long-ranges r ≥ 2 (fm). In addition, in the asymptotic region (r → ∞), the potential goes to the zero due to the finite range of nuclear force. Fig. (1) shows that the potential V 1 (r) satisfies expected behavior in whole three mentioned regions. To make a comparison, the potentials V C (r), V T (r), V ef f (r) and superpotential W 1 (r) are also depicted in Fig (1) . It can be seen that all potentials have the same asymptotic behav- The ground state wave functions of deuteron u 0 (r), u(r) and ω(r) are plotted in Fig. (2) . At the short ranges, the wave function is dropped rapidly due to the hard core. The peak of the wave function is located at the intermediate range,
near the edge of the well. It is the evidence of a weakly bound state within the potential well. Ultimately, the wave function decreases at the long ranges gradually.
Let us now compare the new potential V 1 (r) (created by superpotential)
with V ef f (r) (created by OPEP). It is clear that the V 1 (r) has two more parts than V ef f (r), as follows,
The first part is due to Coulomb potential and the second part is related twopion exchange potential. It should be noted that these terms are not added to potential V 1 (r) by hand but are produced by superpotential. Since AB<0, the Coulomb part implies an electromagnetic attraction between proton and neutron. This may seem strange. Nevertheless, with a closer look at the proton and neutron, we recall these two particles have internal structures and are contained charge particles (quarks). Although, this fact is negligible at long ranges, the effect of the internal structure is important at shorter distances. As a result, In this range, two-pion exchanges dominate [34] . In such exchanges, two pions appear during the course of the interaction. The typical range is correspondingly smaller than for one-pion exchanges. Two-pion exchanges are much more difficult to crunch out than one-pion ones. However, the superpotential W 1 (r), produces a two-pion exchange term in a simple way.
Conclusion
The most common purely phenomenological models of the NN interaction (e.g. CD-Bonn, Reid93 and AV18) are based on the exchange of bosons [35] [36] [37] . In the all models, the depth of potential well is inversely proportional to potential width. Moreover, each channel has its specific potential. At the present unified picture, in contrast, V 1 is inseparable to 3 S 1 and 3 D 1 parts. As a result, the potential V 1 is narrower and deeper than those obtained by the other models. In addition, the 3 D 1 state probability, P D (2-5 %), is close to the lower limit.
Summary, a new superpotential and a corresponding potential have been introduced for deuteron, as follows, 
Acknowledgment
The present study was conducted as a sabbatical project at Istanbul university. The authors truly appreciate Golestan and Istanbul Universities for the financial supports and collaborations. The potentials V C (r), V T (r), V ef f (r) are also depicted to make a comparison. 
